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Introduction

Suppose we observe that income inequality after taxes and transfers is lower than pre-fiscal
income inequality. Can this finding be related to the characteristics of the tax and transfer
system in terms of the usual indicators of progressivity and size? As shown below, once one
leaves the world of a single fiscal intervention, the relationship between inequality outcomes
and the size and progressivity of fiscal interventions is complex and at times counter-intuitive.
In particular, in a system of multiple taxes and transfers, the simple relationship between the
size of a tax (or transfer) and its progressivity, on the one hand, and its impact on inequality,
on the other, no longer holds.

We start this paper with a review of the simplest case: a single fiscal intervention. The first
section shows the conditions for a tax or a transfer to be equalizing. We draw, primarily, on
Lambert and Duclos and Araar'. The second section presents the conditions for the net fiscal
system to be equalizing in the case of multiple fiscal interventions. We also derive the
conditions that must prevail for a particular tax or transfer to be equalizing and see that in the
world of multiple interventions, some of these conditions defy our preconceptions and

intuition.

Both sections of this paper assume no reranking, that is, individuals do not change their
position in the post-fiscal income ordering. In other words, the poorest individual in the pre-
fiscal income scale will continue to be the poorest individual in the post-fiscal income scale,
the second poorest individual in the pre-fiscal income scale will continue to be the second
poorest individual in the post-fiscal income scale, and, so on, all the way up to the richest
individual. These sections also assume that there is dominance: that is, the pre-fiscal and post-
fiscal Lorenz curves do not cross. They also assume that, when comparing systems with
different taxes and transfers, the respective post-fiscal Lorenz curves do not cross either.
Finally, these sections assume a constant pre-fiscal income distribution, that is, that the
conditions apply to a particular country at a particular point in time. Comparisons across
countries and over time will usually feature different pre-fiscal income distributions and are not
the subject of this paper.

Chapter 3 of the CEQ handbook discusses how the conditions derived in sections below
change in the presence of reranking. The implications of relaxing the assumption of
dominance or having different pre-fiscal income distributions will be the subject of future

! Lambert (2001); Duclos and Araar (2007).
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work. Throughout this paper, the traditional Gini coefficient is used as our measure of
inequality but the ideas presented here can be easily extended to all members of the S-Gini
family. However, while the idea of “marginal” analysis (introduced in this paper) can be
applied to other measures of inequality, the type of decomposition that we rely on in this paper
and in Chapter 3 of the CEQ Handbook one may not be applicable for other measures of
inequality, such as the Theil index.

1. The Fiscal System and Income Redistribution: The Case of a Single Tax or a Single
Transfer

In this section, we focus on a fiscal system with a single tax or transfer. Here we define
concepts that we use throughout this paper to analyze the effect of a tax or a transfer on the
income distribution. We should first clarify that the word “single” does not mean that a system
has only one tax but rather that the same conditions apply when all taxes are combined into a

single category.”

1.1. A Single Tax

We start by presenting some notations and definitions that will be used throughout the paper:

X = pre-tax income

f{x) = pre-tax income distribution

T{(x) = tax liability at income x

x —T{(x) = post-tax income

2 This section draws from Lambert (2001) and Duclos and Araar (2007).
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t(x) = T{x)/x = tax rate at income x

#'(x) = marginal tax rate at income x

Let’s assume that the tax schedule adheres to a typical pattern of starting at a zero rate and that
it follows a sequence of fixed and increasing marginal tax rates.’ Let’s also assume that both
the tax liability and post-tax income increase with pre-tax income:

@ 0<T(x) < x

@) 0<7(x)<1

Condition 2 rules out reranking; that is, no pair of individuals switch places after the tax has

been imposed.

Now, let’s define the following terms:

T = total taxes paid= );; T(x;)

X = total pre-tax (and pre-transfers) income = ); X;

g=total tax ratio = T/ X thus, (1 —9 = (X —-T)/ Xandg/ 1 -9 =T/ X-1T) =
Total tax as a share of pre-tax income

3 Lambert (2001).
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_J; TGe)f (xpdx;

= total tax ratio (continuous version)
Ji xi fxpdx;

L), Ly (p)= Lorenz curve of pre-tax income and post-tax income, respectively
(ranked by original income)

Cyr (), C{p) = Concentration curve of post-tax income and taxes, respectively
(ranked by original income)*

In all preceding formulas p has a value between zero and one and represents quantile p of
income distribution in which 100p% of individuals are below it.

It can be shown that the Lorenz curve of pre-tax income is the weighted average of the
concentration curve of taxes and the concentration curve of post-tax income:

) Lap) =2 Cop) + (19 Coer (-

Because of conditions 2 and 2, the ranking of people by pre-tax and post-tax income is exactly
the same. Thus, condition 3 can be re-written simply as the weighted average of the
concentration curve of taxes and the Lorenz curve of post-tax income:

3 L) =2 Cip) + (1 = 9 Ly ()

4 Recall that concentration curves plot the cumulative shares of post-tax income and taxes by positions in pre-tax
income distribution (in notational terms, if there is no superscript, they are ranked by pre-tax income). The reader
should recall that a concentration coefficient is calculated in the same manner as the Gini coefficient. The
difference is the same as that between the Lorenz and concentration curves: the cumulative distribution of the tax
(in this case) is plotted against the cumulative distribution of the population ranked by original income and #of the
tax.
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1.1.1. Equalizing, Neutral, and Unequalizing Net Fiscal Systems: Conditions for the
One Tax Case

In this section, we review conditions that allow us to determine whether a fiscal system with
only a single tax is equalizing, neutral, or uneqaulizing.

Concentration and Lorenz Curves

When the post-tax income Lorenz curve lies everywhere above the pre-tax income Lorenz
curve, that is Ly, (p) = L(p), the tax is equalizing (and vice versa).

Equation 3 implies that the post-tax income Lorenz curve lies completely above the pre-tax
income Lorenz curve if and only if the concentration curve of taxes lies completely below the

pre-tax income Lorenz curve.’

4 Lyr () 2 L) & Cip) = L(p) forall p, and with strict inequality for some p

In other words, the distribution of post-tax income is less unequal than the pre-tax income
distribution if and only if the tax is distributed more unequally than the income to which it
applies, or put another way, if and only if the concentration curve of taxes lies completely
below the pre-tax income Lorenz curve. This condition is shown on figure 1, which features
the Lorenz curves for pre-tax and post-tax income and the concentration curve for taxes.

In other words, if the average tax rate /(x) is increasing with income everywhere, then taxes are
distributed more unequally than pre-tax income. Thus, an everywhere progressive tax will
always be equalizing.

Given equation 4, it is easy to see that the condition for a tax to be unequalizing is C(p) =
L(p). This condition will occur if #(x) decreases with income, that is, if taxes are regressive
everywhere. However, just like in the case of progressive taxes, it is not necessary for taxes to

5This is true because if 0 < g < 1, the weights by definition sum to one. Hence Ly(p) must lie between C;(p) and
Cy1(p) by necessity.
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be regressive everywhere to be unequalizing. Finally, in the case of a proportional tax--that is,
when T(x)/x is the same for all x--the distribution of post-tax and pre-tax income will be
exactly the same and C{(p) = L(p).

Figure 1. Lorenz Curve of Pre-Tax Income and Post-Tax Income and Concentration Curve of
Tax
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In sum, incomes are /ess unequal after a tax than before the tax if and only if the tax is
distributed more unequally than the income to which it applies. Incomes are #ore unequal after
a tax than before the tax if and only if the tax is distributed more equally than the income to
which it applies. A proportional tax will have the same distribution as the pre-tax income and
leave the distribution of income unchanged. A poll tax, which taxes all individuals by the same
absolute amount, will feature a concentration curve coincidental with the diagonal, that is, it

will be very unequalizing.’

¢ Although not impossible in principle, taxes in absolute terms (that is, per capita) rarely decline with income in
the real world. If such a tax were to exist, its concentration curve would lie above the diagonal and be extremely
unequalizing.
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If condition 2 is everywhere observed, plotting the average tax rate T(x) / x against values (or
quantiles) of pre-tax income will be sufficient to determine whether a tax system is everywhere
progressive (tax rates rise with income), neutral (tax rates are the same for all incomes--a flat
tax), or regressive (tax rates decrease with income). For example, if we are sure that condition 2
is strictly observed within deciles, we can determine whether a tax system is progressive,
regressive, or neutral by plotting the incidence of the tax by decile as we do in figure 2.

Figure 2. Average Tax Rate by Pre-Tax Income: A Progressive, Neutral, and Regressive Tax
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Globally Progressive Taxes and Taxes That Are Everywhere Progressive

Note, however, that taxes do not have to be progressive everywhere for the distribution of
post-tax income to be less unequal than the pre-tax income distribution. A necessary and
sufficient condition for a tax to be equalizing is for it to be globally progressive, that is, that
CHp) = Ly(p) for all p and strict inequality for some p and for any distribution of pre-tax
income.

The following toy example in table 1 illustrates the difference between a tax that is progressive
everywhere and one that is globally progressive only.

10
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Table 1. An Everywhere Progressive Tax and a Globally Progressive Tax

Everywhere Progressive Tax
Difference
Average Tax Between
Larenz Lorenz
i Pre-tax Rate i Post-tax Post and
Population Curve Pre- _ Tax paid Curve
Income {Everywhere Income Pre-tax
Tax i Post-Tax
Progressive) Lorenz
Curves
1 $10.00 10.0% 0% $0.00 $10.00 13% 2.50%
2 520.00 30.0% 10% 52.00 $18.00 23% 5.00%
3 $30.00 60.0% 20% %6.00 $24.00 0% . 00%
4 540.00 100.0% 30% $12.00 $28.00 35% 0.00%
Total $100.00 20% $20.00 SB0.00 100%
Globally Progressive Tax
Difference
Average Tax Between
Larenz ) Lorenz
. Pre-tax Rate (Mot . Post-tax Post and
Population Curve Pre- Tax paid Curve
Income Everywhere Income Pre-tax
Tax i Post-Tax
Progressive) Lorenz
Curves
1 $10.00 105 0% $0.00 $10.00 13% 2.50%
2 520.00 30% 18% 53.60 $16.40 21% 3.00%
3 $30.00 B0% 12% $3.60 $26.40 33% &.00%
4 540.00 100% 3% 512.80 $27.20 4% 0.00%
Total $100.00 20% $20.00 SB0.00 100%
The Kakwani Index

To assess whether a tax is equalizing or not, one can also use the Kakwani index of
progressivity.” Kakwani’s index of progressivity of tax 7 is defined as the difference between
the concentration coefficient (C;) of the tax and the Gini coefficient of pre-tax income (Gy) or

7 Kakwani was among the first to propose a measure of tax progressivity based on “disproportionality,” that is, by
the extent to which a tax distribution was not proportional to the distribution of pre-tax income. See Kakwani

(1977).

11
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®) 7 = G- Gy,

where C,is the concentration coefficient of the tax 7 and Gy is the Gini coefficient of pre-tax
income. The conditions for a tax to be equalizing, neutral, or unequalizing are H¥ >0, H¥ =0,

and TTIK < 0, respectively.

Table 2 presents a summary of the conditions described above. Of course, if the tax meets the
sufficient condition, it implies that the necessary condition is met too (but not vice versa).
Since we assumed there is no reranking, the disproportionality measures such as the
concentration curves and the Kakwani index translate immediately into measures of
redistribution.

Table 2. Conditions of Equalizing, Neutral, and Unequalizing Taxes

Tax Sufficient Necessary and Sufficient

CHp) = Ly(p) for all p and for any

distribution of pre-tax income
Equalizing 7(x) 2 0 for all x with | §p

some 7(x) >0
n¥>o

CHp) = Ly(p) for all p and for any
distribution of pre-tax income

Neutral 7(x) =0 forall x
OR
n¥=0
CHp) = Ly(p) for all p and for any
o distribution of pre-tax income
Unequalizing 7(x) = 0 for all x with
some 7(x) <0 OR

n¥<o

12
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If there is reranking, the link between inequality and measures of disproportionality is no
longer straightforward because with reranking we need to use equation 3, that is, L (p) = g
Cip) + (1-g) Cyy (p) instead of equation 3’. Note that in equation 3, the post-tax income
Lorenz curve has been replaced by the post-tax income concentration curve (the distribution
of post-tax income with individuals ranked by pre-tax income). Because we are no longer
comparing two income distributions with the presence of reranking, some of the
“redistribution” will not be actual redistribution; instead, the tax will be reordering individuals.
The consequences of reranking are further discussed in chapter 3 of the CEQ handbook.”

In addition, because we assume that the post-tax income Lorenz dominates the pre-tax income
Lorenz curve, we can be sure that the Kakwani index will give an unambiguous ordering of
different taxes in terms of progressivity (the implication of no dominance is left for future
work). However, it is important not to extrapolate from progressivity to impact on inequality
when comparing taxes of different sizes. We discuss this issue in the subsection on comparing
taxes in section 1.1.

Measures of progressivity of a tax are presented diagrammatically in figure 3.

Figure 3. Progressive, Neutral, and Regressive Taxes

Poll tax: per capita tax is equal for everyone (very
regressive)
Concentration Curve coincides with the diagonal
=  Concentration Coefficient =0
=  KakwaniIndex <0

\4

Globally regressive tax: tax as a share of market income
declines with income (not necessarily everywhere)
Concentration Curve lies above pre-tax Lorenz curve

=  Concentration Coefficient < Gini for market income
=  Kakwanilndex <0
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# = Concentration Coefficient >
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0

0 Cumulative share of population (ranked by pre-tax income) 1

8 See also Urban (2009).

13
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1.1.2. Comparing Two Taxes of Different Sizes

We have just shown how progressivity determines whether a tax in a single tax system is
equalizing or not. Does this mean that the more unequally distributed a tax is (that is, the more
progressive), the more equalizing it is? The following example will show that this is not
necessarily the case.” In table 3, we present two hypothetical taxes taken from Duclos and
Tabi, A and A’." We can see that tax A’ is more unequally distributed (that is, more
progressive) than tax A, or using the terminology presented in the previous section, that the
concentration curve of tax system A lies completely above the concentration curve of tax
system A’ (that is, A is less disproportional than A’). Yet, the post-tax distribution is more
unequal under tax system A’. How can that be? Notice that tax system A’ collects a lower share
of post-tax income than system A. The higher tax ratio in A more than compensates for its
lower progressivity to the point that the redistributive effect in A is higher.

Table 3. Redistributive Effect and the Progressivity and Size of Taxes

Gross income Tax A=50.5% Net income under A Tax A’=1% Net income under A’
Income Distribution Tax Distribution | Income Distribution Distribution | Income | Distribution
Individual | (§) (%) ®) (%) ® (%o) Tax () | (%) ® (%o)
1 21 21 1 2 20 40 0 0 21 21
2 80 79 50 98 30 60 1 100 79 79
Total 101 100 51 100 50 100 1 100 100 100

Source: Duclos and Tabi, 1996, table 1.

The extent of disproportionality is not sufficient to compare the redistributive effect across
different taxes. What indicators can we use? There are three options: comparing the post-tax
Lorenz curves, comparing the residual progression functions, or comparing the Reynolds-
Smolensky (R-S) indices if one wishes to use a scalar instead of a function. In the absence of
reranking and if there is Lorenz dominance, the three approaches are equivalent.

The first condition is straightforward. If the Lorenz curve of post-tax income A dominates the
Lorenz curve of post-tax income A’, inequality will be reduced more greatly under the former
than the latter.

% This section draws from Lambert (2001) and Duclos and Araar (2007).
10 Duclos and Tabi (19906).

14
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Residual progression is defined as the elasticity of post-tax income with respect to pre-tax
income (that is, the percentage change in post-tax income per one percent change in pre-tax
income) and can be written as follows:

©) RPy =0 (X-T X))/ 0X] [X/ (X =T (X)), and

) RPyy= (1 =T (x)/(1 = T(2)/ ).

If RP, < 1 everywhere, the tax is progressive everywhere. To determine if tax A is more
equalizing than tax A’, compare the residual progression for tax A and A’. If RPy, for tax A
lies completely below the RP,.; of tax A’, the former will generate a higher reduction in
inequality than the latter.

Finally, the Reynolds-Smolensky (R-S) index is defined as

®) NF =Gy~ Cor=g/ (1 =9 (C;— G =[¢/ (1 — 9] If

where Cy; is the concentration coefficient of post-tax income, Gy is the Gini coefficient of

pre-tax income, C, is the concentration coefficient of tax T, and IT§ is the Kakwani index of

progressivity of tax T defined as C, — G, (see the subsection on progressive taxes in section
1.1).

To see this equality, note the following. LLerman and Yitzhaki prove that

_ 2cov(Q, Fy)

Q Lo

15
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where cov(Q, Fx) is the covatiance between income concept or component @ and ranking of
individuals with respect to the original income (that is, X)."" Moreover, i, is the average value

of income concept or component () among all individuals. Similarly,

__ 2cov(X,Fx)

Gy p

Therefore, we have the following:

2cov(X — T, Fy) B 2cov(X,Fy) 2cov(T,Fy)

Ox= br=O-—a— " “&""ay TTua=g

1 \2cov(X,Fy) g \2cov(T,Fy)
- 6= (=) +(755)
1-g I 1-g 1y

= Gy — (ﬁ) Gy + (1549) Cr
= (é) (Cr — Gx).

Under no re-ranking, it turns out that the R-S index is identical to the redistributive effect
(RE), that is, the change in inequality between pre-tax and post-tax income distribution

measured in Gini points.12

With no re-ranking,
Cir = Gyr

8 RE=Gy~Gyy=g/(1 -9 (Cr- Gy =N =g/ (1~ IIf

1 Lerman And Yitzhaki (1989).
12'This result can be generalized to a wide range of inequality measures of the S-Gini family. See also Lambert
(2001) and Duclos and Araar (2007).

16



Enami, Lustig and Aranda, WP 25, November 2016

The R-S Index, ITRS

equalizing, neutral, or unequalizing, respectively. The larger the R-S index, the more equalizing

the tax. Thus, we can use [IF> to order different taxes individually based on their redistributive

effects.

The R-S index (TIR%) shows exactly how the redistributive effect does not depend on/y on the
extent of progressivity. It is an increasing function of the latter and the tax ratio g Therefore,
either making a given tax more progressive or raising the tax ratio of a progressive tax can
increase the redistributive effect. In the case of a regressive tax, either making the tax less
regressive or lowering the tax ratio will make its effect less unequalizing. We summarize these

conditions in table 4.

Table 4. Conditions for the Redistributive Effect and Progressivity and Size of Taxes

Necessary and sufficient conditions

Tax A is more
equalizing

than Tax A’ 7f

I, ®») = L', ) for all p, with strict inequality for
some p, and for any distribution of pre-tax income,

OR

RP'; (p) < RP"; (p) for all p, with strict inequality

for some p, and for any distribution of pre-tax income.

Tax A is more
unequalizing

than Tax A’ 7f

L' () < L7 (p) for all p, with strict inequality for
some p, and for any distribution of pre-tax income,

OR

RP", ., (p) = RP" ., (p) for all p, with strict inequality for

some p, and for any distribution of pre-tax income.

13 See Lambert (2001).

, 1s greater than, equal to, or less than 0, depending on whether the tax is

17
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We have developed table 4 assuming there is no reranking. If there is reranking, the link
between the progressivity and size of a tax and its redistributive effect is no longer
straightforward, and thus comparisons are no longer straightforward either. (The consequences
of reranking in chapter 3 of the CEQ Handbook.) In addition, the three conditions in table 4
are equivalent under the assumption that the post-tax Lorenz curve under a specific tax
dominates the post-tax Lorenz curve under another tax. We have left the discussion of the
implications of no dominance for future work

Note also that the conditions for comparing the redistributive effect between different taxes
characterized by different degrees of progressivity and size were defined for the case in which
the pre-tax income distribution is always the same. The comparison of the redistributive effect
of taxes (and transfers) in cases when the original income distributions are not the same is left
for future work."*

More important, even without reranking, with dominance and keeping the original distribution
constant, in the case of more than one intervention the neat relationship between the size and
progressivity of a fiscal intervention and its redistributive effect no longer holds. As we will see
in section 2 of this paper, a tax can be regressive using any of the necessary or sufficient
conditions spelled out in table 2 and still exert an equalizing influence on the post-tax and
transfer income distribution, by which we mean that, in the absence of such a tax, the
reduction in inequality would be smaller than with the tax in place. Before we turn to this
topic, however, we will present the analogous conditions for a single transfer.

1.2. A Single Transfer

The word “single” here does not mean that the conditions derived in this section apply to a
system with only one transfer. In the case of multiple transfers, however, they need to be
aggregated into one category in order for the conditions to apply.

Transfers here encompass a wide spectrum of benefits provided by the government such as
cash transfers, school food programs, consumption subsidies, and access to free public
services. We will use the words transfer and benefit interchangeably and use the abbreviation B
for both.

14 Interested readers can refer to Dardanoni and Lambert (2000).

18
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We will also use the following definitions:

X = pre-tax income

B(x) = transfer at income x

x + B(x) = post-transfer income

B(x) / x = b(x) = average benefit rate at income x

D (x) = marginal benefit rate

B = total transfers = )};_4 B(x;)

b = total transfers ratio = B / X

= (1+hH=X+B/X

=>}/(1+5)=B/X+B

L®), Ly,s(p) = Lorenz curve of pre-transfer income and post-transfer income,
respectively (ranked by original income)

Cy.s (), Cy(p) = Concentration curve of post-transfer income and transfer, respectively
(ranked by original income)

19
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It can be shown that

©) Ly(p) = (1 + b)) CeryP) = 0 Cy(p)

which implies that

(10) Ly(p) 2 Cepp) <=> Cep(p) 2 Cy(p)-

If we assume no re-ranking, that is,

(11) 1= /(%

where /’(x) is the increase in benefits that occurs as pre-transfer income X rises, the ranking of
people by pre-transfer and post-transfer income does not change. Thus, equation 10 can be re-

written as

(10y Ly@) 2 Lys(p) <=> L) = Cy(p).

Under no reranking, incomes are less unequal after transfers than before if and only if transfers
are distributed more egually than the income to which they apply. If the average transfer rate
b(x) decreases with income everywhere, then transfers are distributed more equally than pre-

transfer income. This scenario is shown in figure 4.

20
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Figure 4. A Progressive Transfer: Lorenz Curve of Pre-Transfer Income, Concentration Curve
of an Equalizing Transfer, and Lorenz Curve of Post-Transfer Income
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For instance, although cash transfers are very unlikely to be regressive, this is not the case with
subsidies, contributory pensions, and spending on tertiary education, which are sometimes
regressive in the real world. An everywhere regressive transfer will fulfill the following

condition:

(10)” L) = L) <=> Lay@) = Cyp)

When 10 occurs, benefits will be unequalizing.

However, equalizing transfers may not be pro-poor. As long as the relative size of the transfer
declines with income, a transfer will be equalizing. In order to be pro-poor, however, the
absolute size of the transfer also needs to decline with income (although not so much that the
marginal benefit is less than —1). That is, the share of a transfer going to the rich can be higher
than the share going to the poor even if a transfer is equalizing (or progressive).

Figure 5 shows the concentration curve for a transfer that is both equalizing and pro-poor.
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Figure 5. A Pro-Poor Transfer: Lorenz Curve of Pre-Transfer Income, Concentration Curve of

an Equalizing Transfer and Lorenz Curve of Post-Transfer Income
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1.2.1. Fiscal Systems: Comparing Two Single-Transfer Systems of Different Sizes

So far, we have shown that in a system with only one transfer and no reranking, a progressive

transfer is equalizing. Does this mean that the more progressive a transfer is (that is, the more

progressive or disproportional), the more equalizing it is? Table 5 shows that this need not be

the case: transfer A is not only more progressive but also more pro-poor than A’ yet the post-

transfer distribution is considerably more equal with transfer A than with transfer A’.

Table 5. Redistributive Effect and the Progressivity of Transfers

Gross Income Transfer A Net Income under A Transfer A’ Net Income under A’
Population
Income | Distribution | Transfer|Distribution | Income | Distribution | Transfer|Distribution |Income [ Distribution
1 21 21% 50 98% 71 0.47 1 100% 22 22%
2 80 79% 1 2% 81 0.53 0 0% 80 78%
Total 101 100% 51 100% 152 1 1 100% 102 100%

As with taxes, the redistributive effect of a transfer depends not only on its progressivity but

also on its relative size. That is, under no reranking,
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(11) RE=Gy~Gyy=b/ (1 + 0 [Gy— Cl=pg = [0/ (1 +0)] p§

where pRS and pK are the R-S index and Kakwani index of the benefit B, respectively.' This
equation highlights the fact that the redistributive effect does not depend on the extent of
progressivity (disproportionality) of the transfer on/y. Rather, the redistributive effect depends
on both the extent of progressivity and the relative size of the transfer, 4 / (1 + b), which
equals the total transfer divided by the post-transfer total income. Therefore, either making a
given transfer more progressive or raising the relative size of a progressive transfer can
increase the redistributive effect. The R-S index can also be used to compare the redistributive

effect across transfers.

As in the case of taxes, the R-S is a summary index and thus will not alert us to cases in which
a transfer is more redistributive in some parts of the distribution and less in others.
Additionally, as with taxes, one can use the residual progression to compare the redistributive
effect of transfers across the entire distribution.

We summarize these results and present the conditions under which a transfer exerts an
equalizing force on the pre-transfer distribution of income in table 6.

Table 6. Conditions of Equalizing, Neutral, and Unequalizing Transfers

A transfer is Sufficient Necessary and Sufficient
Equalizing, if —1 < V(x) = 0 for all | Cy(p) = Ly(p) for all p, with strict
x and b(x) < 0 for | inequality for some p, and for any

some X distribution of pre-tax income
Neutral, if b(x) = 0 for all x Cy(p) = Ly(p) for all p and for any

distribution of pre-tax income

Unequalizing, if P(x) = 0 for all x and Ci(p) = L (p) for all p, with strict
V' (x) >0 for some x inequality for some p, and for any
distribution of pre-tax income

15The proof of this formula is similar to equation 2-8 explained eatlier.
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In the case of transfers, the literature tends to distinguish between a relatively progressive
transfer and a transfer that is progressive in absolute terms.'® The former is defined by the
following condition #’(x) = 0 for all x and #’(x) < 0 for some x. This condition is sufficient for
a transfer to be equalizing. However, this condition does not need to be fulfilled in order for a
transfer to be equalizing. As mentioned previously, the necessary and sufficient condition is
Cy(p) = Ly(p) for all p, with strict inequality for some p, and for any distribution of pre-tax

income or for p& > 0.

In the case of a transfer that is progressive in absolute terms, the concentration curve Cy(p) is
not compared to the L (p) but rather to the population shares or the diagonal. When the
transfer tends to decline with income in per capita terms, that is B(x), transfers are called
progressive in absolute terms. They are also sometimes called “pro-poor.”

In figure 6, we present hypothetical concentration curves for progressive, neutral
(proportional), and regressive transfers. Among the progressive transfers, we distinguish
between the transfers that are progressive in relative and in absolute terms. A simple way to
identify a transfer that is progressive in absolute terms is by the sign of its concentration
coefficient, which will be negative.

Figure 6. A Diagrammatic Representation of Progressivity of Transfers
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16 Such a distinction is not made in the case of taxes because no one expects per capita taxes to increase with
income.
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2. The Fiscal System and Income Redistribution: Multiple Taxes and Transfers

This section derives the conditions for fiscal redistribution in a world of multiple fiscal
interventions."” We first derive the conditions for the simple one tax-one transfer case and,
subsequently, for the case with multiple taxes and transfers. Suppose we observe that post-
fiscal income inequality is lower than pre-fiscal income inequality. Can we relate this finding to
the characteristics of specific taxes and transfers in terms of indicators of progressivity and
size? As demonstrated in the following section, once we leave the world of a single fiscal
intervention, the relationship between inequality outcomes and the size and progressivity'® of
fiscal interventions is complex and at times counter-intuitive. In particular, the relative size and
progressivity of a fiscal intervention by itself can no longer tell us if inequality would be higher
or lower without it. We will show that, under certain conditions, a fiscal system that includes a
regressive tax can be more equalizing than a system that excludes it."” In the same vein, a fiscal
system that includes a progressive transfer can be /ess equalizing than a system that excludes it.

The so-called “Lambert’s Conundrum” helps to illustrate this point in the case of a regressive
tax. ” Table 7 below shows that “taxes may be regressive in their effect on original
income...and yet the net system may exhibit more progressivity” than the progressive benefits
alone.” The R-S index for taxes in this example is equal to —0.0517, highlighting their
regressivity.” Yet, the R-S index for the net fiscal system is 0.25, higher than the R-S index for
benefits equal to 0.1972. If taxes are regressive in relation to the original income?® but
progressive with respect to the less unequally distributed post-transfers (and subsidies) income,
regressive taxes exert an equalizing effect over and above the effect of progressive transfers.”

17"The word “multiple” is used as opposed to the word “single.” In the case of a “single” tax or transfer, we either
deal with only one tax or transfer or a group of taxes or transfers that are combined and treated as one incident.

18 Using, for example, the Kakwani index of progressivity.

19 See also Lambert (2001, p. 278), for the same conclusion.

20 Lambert (2001, p.278).

2 Lambert (2001, p.278).

22 Since there is no reranking, the R-S index equals the difference between the Ginis before and after the fiscal
intervention.

2 Note that original income is in fact the “tax base” in this example.

24 Note that Lambert uses the terms “progressive” and “regressive” differently than other authors in the
theoretical and empirical incidence analysis literature. Thus, he calls transfers that are equalizing “regressive.” See
definitions in chapter 1 of the CEQ Handbook.
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Table 7. Lambert’s Conundrum

Individual 1 2 3 4 Total
Original income x 10 20 30 40 100
Tax liability (1) 6 9 12 15 42
Benefit level (B) 21 14 7 0 42
Post-benefit income 31 34 37 40 142

Final income 25 25 25 25 100

Source: Lambert, 2001, p. 278, table 11.1.

Note that Lambert’s conundrum is not equivalent to the well-known (and frequently repeated)
result that efficient regressive taxes can be fine as long as the net fiscal system is equalizing
when combined with transfers.”” The surprising aspect of Lambert’s conundrum is that a net
fiscal system with a regressive tax (in relation to pre-fiscal income) can be more equalizing than
without the tax.”

The implications of Lambert’s “conundrum” for real fiscal systems are quite profound. In
order to determine whether a particular intervention (or a particular policy change) is
inequality-increasing or inequality-reducing--and by how much--one must resort to numerical
calculations that include the whole system. As Lambert mentions, his example is “not
altogether farfetched.”” For example, two renowned studies in the 1980s found this type of

% As Higgins and Lustig (2016) mention, “efficient taxes that fall disproportionately on the poor, such as a no-
exemption value added tax, are often justified with the argument that “spending instruments are available that are
better targeted to the pursuit of equity concerns” (quoted in Keen and Lockwood, 2010, p. 141). Similarly, Engel
and others (1999, p. 186) assert that “it is quite obvious that the disadvantages of a proportional tax are
moderated by adequate targeting” of transfers, because “what the poor individual pays in taxes is returned to her.”
Ebrill and others (2001, p. 105) argue that “a regressive tax might conceivably be the best way to finance pro-poor
expenditures, with the net effect being to relieve poverty.” For the interested reader, the paper appears as chapter
4 of the CEQ Handbook as well.

26 It can also be shown that if there is reranking (a pervasive feature of net tax systems in the real world), making a
tax (or a transfer) more progressive can zucrease post-tax and transfer inequality. In Lambert’s example, regressive
taxes not only enhance the equalizing effect of transfers, but making taxes more progressive (that is, more
disproportional in the Kakwani sense) would result in Aigher inequality. Any additional change (towards more
progressivity) in taxes or transfers would just cause reranking and an increase in inequality.

27 Lambert (2001, p. 278).
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result for the United States and the United Kingdom.” Moreover, two recent studies for Chile
found that although the value-added tax (VAT) is regressive, it is equalizing.”” The conundrum,
however, can occur with transfers as well: a transfer may be progressive but unequalizing, as
was the case for contributory pensions in the CEQ Assessment for Colombia.” In this
analysis, the Kakwani index for contributory pensions was positive but unequalizing in the
sense that the reduction in inequality would have been higher without the contributory
pensions (and the rest of the fiscal interventions) in place.

Estimating the sign and order of magnitude of the contribution of a particular intervention to
the change in inequality will depend on the particular question one is interested in. For
example, if one is interested in answering the question “what if we remove or introduce a
particular intervention,” one should estimate the “marginal” contribution by taking the
difference in the indicators of interest (for example, the Gini coefficient) that would prevail
with and without the specific intervention.”

Note, however, that the sum of all the marginal contributions will not equal the total
redistributive effect (except by a fluke) * because there is path dependency in how
interventions affect the net fiscal system and the marginal effect.” Essentially, the path in
which the fiscal intervention of interest is introduced last is just one of the possible paths. To
obtain the average contribution of a specific intervention, one would need to consider all the
possible (and institutionally valid) paths and use an appropriate formula to average them. One
commonly used approach is to calculate the Shapley value. The Shapley value fulfills the
efficiency property: that is, the sum of all the individual contributions is equal to the total
effect.” Moreover, if some particular paths are irrelevant, the Shapley formula can be modified
to exclude them (without losing the efficiency property introduced earlier). We shall return to
the Shapley value and its use in appendix A.”

28 See O’Higgins and Ruggles (1981) for the United Kingdom and Ruggles and O’Higgins (1981) for the United
States.

2 See Martinez, Fuchs, and Ortiz-Juarez (2016) and Engel and others (1999). Although Engel and his coauthors
were not aware of this characteristic of the Chilean system when they published their article, in a recent
interaction with Engel, he concluded that the Chilean system featured regressive albeit equalizing indirect taxes.

30 Lustig and Melendez (2010).

31 The same applies to poverty indicators or any other indicator of interest.

32 This is also the case for the vertical equity and reranking components of redistributive effect.

3 Note that here we use the terms marginal contribution and marginal effect interchangeably.

3 See the discussion on path dependency in chapter 7 of Duclos and Araar (2007). See also Bibi and Duclos
(2010).

% For a review of the decomposition techniques in economics, see Fortin and others (2011). For a review of the
Shapley decomposition, see also Shorrocks (2013).
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In the next section, we first turn to deriving the conditions that ensure that a net fiscal system
is equalizing. Next, we derive the conditions that must prevail in order for the marginal
contribution of a tax or a transfer to be equalizing. As mentioned earlier, we first derive the
conditions for the simple one tax-one transfer case and, subsequently, for the case with
multiple taxes and transfers.

2.1. Equalizing, Neutral, and Unequalizing Net Fiscal Systems

The next two sub-sections discuss the conditions for a net system to have an equalizing
marginal effect. We begin with the simple case of one tax and one transfer and then we extend
it to the case of a system with multiple taxes and transfers.

2.1.1. Conditions for the One Tax-One Transfer Case

As shown by Lambert,” the redistributive effect (measured by the change in Gini coefficients)
is equal to the weighted sum of the redistributive effect of taxes and transfers

(1-g)FS+(1+b)phS

RS _
a2) L

where IR TIRS | and pBS are the Reynolds-Smolensky indices for the net fiscal system, taxes
and benefits, respectively; and g and 4 are the total tax and benefit ratios, that is, total taxes and
total benefits divided by total pre-fiscal (original) income, respectively.” There are two features
to note. First, the weights sum to more than unity so the redistributive effect is not a weighted
average. This fact is not innocuous: it lies at the heart of Lambert’s conundrum. Second, recall
that in the absence of reranking, the Reynolds-Smolensky index is identical to the redistributive
effect measured as the difference between the Gini coefficients. As it’s seen in chapter 3 of the
CEQ handbook, if there is reranking, equation 12 will no longer be equal to the redistributive
effect.

3 Lambert (2001, p. 277, equation 11.29).

37 It is important to note that the tax relative sizes or ratios have to be those that are calculated in the actual data
of the fiscal incidence analysis, which are not necessarily equal to the ratios of taxes or transfers to GDP obtained
from administrative accounts.
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Using equation 12, we can derive the general condition for the case in which the combination
of one tax and one transfer (that is, the net fiscal system) is equalizing, neutral, or unequalizing.
As noted, when there is no reranking, MRS is equal to the change in the Gini coefficient (that
18, Gy — Gy pyp). If Gy — Gy > 0, the net fiscal system is equalizing, which simply means that
equation 12 must be positive. Since the denominator is positive by definition, the condition
implies that the numerator has to be positive. In other words,

__\nRS RS
(13) s = SR IO > 0 o (1- ) + (1 + b)pE* > 0
RS  _ (1+b) Rs
(14) < M > 1)
K _®
(15) <= ll7 > @ PB

where ITX and p¥ are the Kakwani index of the tax and transfer, respectively, and 1 — g is

positive.

Therefore, we can state the following conditions.

Condition 16:

If and only if RS b pRS (p L;il'[rfés or ITK > —@pB (p% > —% 1E:9)
the net fiscal system reduces inequality.
Condition 17:
_ 1+b _ (b) _ @
If and only if IF® = — 72 pfS (pf° = —ZERS), or 1K = -2 pk (pg --2 HK)
the net fiscal system leaves inequality unchanged.
Condition 18:
If and only if TIRS < — 14D pRS pRS <— RSy or K < —@pB (p¥ < — % %), the

net fiscal system increases mequahty.

As shown in table 8, a system that combines a regressive tax with a regressive or neutral
transfer or a neutral tax with a regressive transfer can never be equalizing. A system that
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combines a progressive tax with a neutral or progressive transfer or a neutral tax with a
progressive transfer is always equalizing. Combining a neutral tax and a neutral transfer leaves
inequality unchanged. A regressive tax combined with a progressive transfer or a progressive
tax combined with a regressive transfer can be equalizing if and only if Condition 16 holds.

Table 8. Net Fiscal System: Conditions for the One Tax-One Transfer Case

Transfer
Regressive Neutral Progressive
K
P <0 pE =0 Pp >0
Regressive Equathng if and
Always unequalizing | Always unequalizing | only if Condition 16
n¥ <o holds
Neutral
Tax Always unequalizing | No change in equality | Always equalizing
My = 0
Progressive e
Equalizing if an only .. ..
Al li Al li
1K o i Condition 16 holds ways equalizing ways equalizing
T

2.1.2. Conditions for the Multiple Taxes and Transfers Case

Let’s assume there are # taxes and s transfers in a fiscal system. Equation 12 can be written as

11 (- gD + XL (1+))pg]
1-¥iL1 9i+Ej% b;

19) RS =

The condition for the net system to be equalizing is that the Reynolds-Smolensky index for the
net fiscal system should be higher than zero, that is,

(20) nis > 0

that is,
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?:1(1—yi)H¥f+2j"é1(1+bj)P§f

(21) TIPS >0

Assuming, of course, that the denominator is positive,

(22) & YL (1 - gINF} > =3 (1 + by)ps;
or equivalently,

Therefore, we can state the following conditions.

Condition 23:

If and only if ¥jr (1 — gHIF > —Y2,(1+ b,-)pgf or Yty gillF > —Zj";lb,-pgj, the

net fiscal system reduces inequality.

Condition 24:

If and only if it ,(1 — gi)l'l;gis = — ]-";1(1 + bj)pgf or Yitq giH{_ = —Xj1 b]-pg]_, the

net fiscal system leaves inequality unchanged.

Condition 25:

If and only if Y7t ,(1 — gi)l'[ITzf < —Zjnil(l + bj)pgf or Xty giﬂﬁ < =Xt b]-pgj, the

net fiscal system increases inequality.

2.2. Equalizing, Neutral, and Unequalizing Taxes or Transfers

The previous section looked at the net system and provided conditions for the whole system
to be equalizing, whereas this section focuses on only one tax or only one transfer in the
system. The question is whether that specific component leads to a more equalizing total
system. The first case is a simple system with only one transfer (or one tax) in place and
determines the conditions for the addition of a tax (or a transfer) to make the system more
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equal. In the following sub-section, a more general case with multiple taxes and transfer is
analyzed.

2.2.1. Conditions for the One Tax-One Transfer Case

In a scenario where there is one tax and one transfer, conditions to assess whether adding a
regressive (or progressive) transfer or tax exerts an unequalizing (or equalizing) effect do not
necessarily hold as described in the section “The Fiscal System and Income Redistribution:
The Case of A Single Tax or A Single Transfer,” and introducing these interventions could
even derive unintuitive results. For example, adding a regressive transfer to a regressive tax
could result in a more equal system or adding a progressive transfer to a progressive tax could
decrease equality. The following toy examples illustrate the two unintuitive cases just
mentioned.” The main factor in these unintuitive examples is that progressivity is (usually)
calculated with respect to the original income and it is perfectly possible for a transfer (for
example) to be progressive with respect to the original income yet regressive with respect to
the “original income plus tax.” Such a transfer, therefore, would decrease equality if it were
added to this system.

Table 9. Toy Example: Adding a Regressive Transfer to a Regressive Tax Can Exert an
Equalizing Effect

Individual 1 2 3 4 Total Gini

Original income 10.00 | 20.00 | 30.00 | 40.00 | 100.00 | 0.2500

Tax (regressive) 9.00 | 10.00 | 2.00 0.00 21.00 n.c.

Original income minus
tax 1.00 | 10.00 | 28.00 40.00 79.00 0.4272

Benefit (regressive) 0.00 | 3.50 7.00 10.50 21.00 n.c.

Original income plus
benefit 10.00 | 23.50 | 37.00 50.50 121.00 | 0.2789

Original income minus
tax plus benefit 1.00 | 13.50 | 35.00 50.50 100.00 | 0.4250

n.c. Not calculated.

3 In the toy examples, we assume that the tax and transfer ratios are equal (it would be very easy to show that the
results occur when the ratios are not equal so we chose the “most difficult” assumption).
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Table 10. Toy Example: Adding a Progressive Transfer to a Progressive Tax Can Exert an
Unequalizing Effect

Individual 1 2 3 4 Total Gini

Original income | 10.00 | 20.00 | 30.00 | 40.00 | 100.00 0.2500

Tax (progressive) 0.00 1.55 3.10 4.65 9.30 n.c.
Original income
minus Tax 10.00 | 18.45 | 26.90 | 35.35 90.70 0.2329
Benefit
(progressive) 1.00 1.80 2.80 3.70 9.30 n.c.

Original income
plus benefit 11.00 | 21.80 | 32.80 | 43.70 | 109.30 0.2495

Original income
minus tax plus

benefit 11.00 | 20.25 | 29.70 | 39.05 | 100.00 0.2340

n.c. Not calculated.

Given these results, we derive the conditions under which the marginal contribution of a single

tax or benefit can be unequalizing, neutral, or equalizing.

Is the Marginal Contribution of a Single Tax Equalizing?

This section addresses the question of whether a tax is equalizing, unequalizing, or neutral, and
if it is equalizing or unequalizing, by how much. To answer the question of whether the tax
exerts an equalizing or unequalizing force over and above the one prevailing in the system
without the tax, we must assess whether the marginal contribution of the tax is positive or
negative.

Before continuing, it should be noted that there are three instances in which the word
“marginal” is used in incidence analysis.”

¥ For an extensive review of the literature on analyzing the concept of tax incidence, see Fullerton and Metcalf
(2002).
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1. The marginal contribution or effect of a fiscal intervention (or of a change in a particular
intervention); this is the subject of this section of the paper. It is calculated as the difference
between the indicator of choice (for example, the Gini) without the intervention of interest (or
the change in the intervention of interest) and with the intervention. So, for example, if we are
interested in the marginal contribution of direct taxes when going from market income to
disposable income, we take the difference of, for example, the Gini without direct taxes and
the Gini of disposable income (which includes the effect of direct taxes).

2. The derivative of the marginal contribution with respect to progressivity or size of the intervention.
This is, so to speak, the marginal effect of progressivity or size on the marginal contribution.
In the case of the derivative with respect to the relative size, this is also known as the marginal

incidence for the intensive margin.

Both definitions one and two assume that the behavior of individuals is unchanged and
unaffected by changes in the taxes or transfers.

3. The extensive margin is the last instance for the application of the phrase “margin.” To
calculate the extensive margin, one needs to estimate the predicted expansion in, for example,
users of a service or beneficiaries of a cash transfer or payers of a tax, when the size of the
intervention is increased. Researchers have followed different approaches in calculating this
type of marginal effect. One way to estimate the effect of an expansion on the extensive
margin is by comparing results of average incidence analyses over time. For example, in
Mexico Lopez-Calva and others found that concentration curves for tertiary education moved
conspicuously towards the diagonal from 1992 to 2010, that is, the extensive margin was
progressive.”’ Because of identification problems, care must be taken not to ascribe a causal
effect from the expansion of tertiary education to the fact that the extensive margin is
progressive. However, one can argue that more spending has probably had something to do

with the progressive extensive margin.

As shown by Lambert," the general condition for the tax to be equalizing (when it is added to
a system with a benefit in place) is derived from the following inequality:

(26) ny’ > pg*

Substituting the expression in equation 2-12 for the left-hand side gives

40 Lopez-Calva and others (forthcoming).
4 Lambert (2001, p. 278).
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(1-g)NES+(1+b)pRS

en g > P

(28) o nks > ——pB
K- __b K

(29) e Ir > =P8

Therefore, we can state Condition 30.

Condition 30:
.~ RS 9 RS ,.RS 1-g RS K b g K 1+b g
If and only it lIp” > —EPB (PB >_?HT ) or IIg > —mpB (pg > —THT),

adding the tax reduces inequality. This is exactly the condition derived by Lambert.*

Condition 31:

: ) __ 1=z 1+b
If and only lfl_[;vzs:—gpgs (pgs ——?H-IFS) orHK— —mpB ( = ——H )
adding the tax leaves inequality unchanged.
Condition 32:
If and only if RS < — L pRS (o oRS _ LZBpRSy kK o _ B K K o
Y T a-gFB B g T T a+p) B B

_ b
(b)

M%), adding the tax increases inequality.

From Conditions 30, 31, and 32, we can immediately derive some conclusions, summarized in
table 11. As expected, adding a regressive tax to a system with a regressive transfer can never
be less unequalizing. Similarly, adding a progressive tax to a progressive transfer is always more
equalizing. However, the unexpected result--which goes back to Lambert’s conundrum--is that
adding a regressive tax to a system with a progressive transfer can be more equalizing if and
only if Condition 30 holds. Note that all of the inequality comparisons are made with respect
to a system without the tax (that is, a system that only has a transfer in place). The other
example of an unintuitive result is that a neutral tax is unequalizing when it is added to a

4 Lambert (2001, p. 278, equation 11.30).
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progressive tax. To understand the logic behind these cases, note that the progressivity is
calculated with respect to the original income (without any tax or transfer), whereas for a tax to
be equalizing when it is added to a system that has a transfer in place, it has to be progressive
with respect to the “original income plus transfer.”

Table 11. Marginal Contribution of a Tax

Regressive Neutral Progressive
pE <0 ps =0 ps >0
REEIERRRE Always more | Always More equa.li-zing only
livi livi if  Condition 30
unequalizin, n zin,
nk <o q 8 Hnequatizing holds
NG Always more | No  change in | Always more
nk = o unequalizing inequality equalizing
5=
Progressive MOIC equaﬁ?ing only N Always more
if  Condition 30 | Always equalizing L
M7 >0 | holds equalizing

Is the Marginal Contribution of a Single Transfer Equalizing?

Adding a transfer to a system that has a tax in place is equalizing if

(33) RS > mgs.

Substituting for the left-hand side and rearranging the preceding inequality we have

(1+b)
(34) e 0 <——pp
(1-g)
(35) o If <—%pf.
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Therefore, we can state the following conditions.

Condition 36:
. RS 1+b Rs b

the transfer reduce inequality.

Condition 37:

If and only if IIRS = :%bpgs (pBS = -

the transfer leave inequality unchanged.

Condition 38:

N2 or K < I_Tgpg (K > lf;gl_llf) does adding

b 1-
T 1) or I = =2 pff (p§

= 1f;gl'll%’) does adding

If and only if MRS > 1%}’pgs (pRS < L]’[?S) or K > 1_7‘"p§ (pK < i;gl_llf) does adding

1+b
the transfer increase inequality.

Some conclusions can be immediately derived from conditions 36 through 38. Adding a

progressive transfer to a system with a regressive tax always results in a less inequality.

Similarly, adding a regressive transfer to a system with a progressive tax increases inequality.

However, somewhat counterintuitively, adding a regressive transfer to a system with a

regressive tax does not always increase inequality (see the toy example in table 9). Similarly,

adding a progressive transfer to a system with a progressive tax does not always increase

equality (see the toy example in table 10). These two results (as shown in table 12) are

essentially similar to Lambert’s conundrum discussed earlier. Note that when comparing the

change in equality, the reference point is the system with only a tax and without any transfer

and not the original distribution of income.
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Table 12. Marginal Contribution of a Transfer

Regressive
" n¥ <o

system  Neutral
with a

Tax ng =0
that is
Progressive
n¥ >0

2.2.2. Conditions for the Multiple Taxes and Transfers Case

Adding a Transfer that is

Regressive Neutral Progressive
pi <0 ps =0 ps >0
L lizing if
€8s unequatizing 1 Always less | Always less
and only if livi livi
z zi
Condition 36 holds | | am 08 Hnequat=ing
N h i
Always unequalizing o c ange B Always equalizing
equality
M lizi if
Always less | Always less | orc cduaizng 1
lizi lisi and only if
zin zin
cqnang cnang Condition 36 holds

This section generalizes the preceding discussion for a system with only one tax and one

transfer. In the following sub-sections, we focus on the conditions for a tax or transfer to have

an equalizing marginal contribution in a system with multiple other taxes and transfers.

Is the Marginal Contribution of a Tax Equalizing?

Assuming no-reranking, for a tax to be equalizing (if it is added to a system with other taxes

and transfers in place), the following inequality has to hold:

(39)

RS RS

In other words, the redistributive effect is larger with the tax of interest than without it.
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The element on the right-hand side shows the change in the Gini coefficient (from pre-fiscal
to post-fiscal income) when all taxes and transfers other than tax T, are in place. Without loss

of generality and for simplicity, we will set £ = 1. Using equation 13, we have

(=g + 3 (1+b))pi]  Bilp(1-goNF; +X1L (1+b))pg;
1-Y gi+Zj";1 b; 1-Y7%, 9i+2jni1 b;

The analysis goes similarly. After some rearranging, we have

0 S (—91) ?:2(1_gi)H¥f+Zjn;1(1+bj)p§i
(40) Ty = \1-g, 1-X1, gi+X 4 bj

or equivalently,

40b K > Stz il + 5L b,
o n 1-3, 9i+E% b )

Therefore, for T, to be equalizing when (7 — 1) taxes and » benefits are already in place, the
following conditions apply.

Condition 41:

Sie2(1-gnf; + 4 (1+b)) o
1-¥i, 9i+Xj2 bj

If  and  only if n¥f>(‘g1)<

K
1-9; ) (Or HTI >

K K
( , gi“ri+25ﬂ=1 bjpg.

TS, 0 ) : )), then adding T reduces the inequality.

Condition 42:

n _ RS L ym RS
If and only if RS < (_91) {20190, 271 (10y)oly (or
T 1-g1 1-XiL, 9i+2j2 bj
K Z?:zgin¥i+2§n=1 bjpgj hen addine T i he i i
= — then adding T, increases the inequality.
h 1‘2?:2 9i+2}"=1 bj )’ g q Y
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Condition 43:

_ S, (1-g )N+ X (1+b;) pfS
. RS _ ( -91 i |
If and only if My, = (1—91)< 1-3i29i+%j21 bj for

n oK yym oy oK

[, < — (ZZ2ITE PG ) o adding T, d hange the inequali
- t 1 t the 1 .

T, S, N b ), then adding T} does not change the inequality

Is the Marginal Contribution of a Transfer Equalizing?

Assuming no-reranking, the following inequality should hold:

RS
(44) M§° > M3 g, -
Assuming 4 = 1 and substituting for both sides of the inequality, we have

ie1(1— gi)nﬁs + 2}11(1 + bj)ng (1 - gi)HIT?,-S + Zjniz(l + bj)ng
1_Z?=lgi+2j";1bj 1—Z?=1gi+2j"izbj .

After some rearranging, we have

45) B> () Zia (g a1ty ot
Pg; 1+bq 1-3%, gi+3M, b)

or equivalently,

=1 gin¥i+2j";2 bjp§j>

K
(45b) PB, > ( 1-YiL1 i+ X}, b;

Therefore for B, to be equalizing when 7 taxes and (7 — 1) benefits are already in place, the
following conditions apply.
Condition 46:

If and only if
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) )
RS - ( by ) ?:1(1—gi)n¥i +Zj"iz(1+bj)0§j K
pBl 1+b1 1‘2?:19:’*‘2,'";2”1'

then adding B, reduces inequality.
Condition 47:

If and only if

RS _( by ) ?:1(1—91')1'1'1?+Zj"iz(1+bj)l’§f K
pBl 1+b1 1—2?=1 .gi+2jn;2 b]'

then adding B, does not change inequality.

Condition 48:

If and only if

RS <( by ) Z?=1(1—9i)H¥f+Zj1';2(1+bj)P§}?
Ps, 1+bq 1-¥iL1 9i+2j%, bj

then adding B, increases inequality.

Table 13 presents the marginal contributions for broad categories of fiscal interventions for
eight countries for which CEQ assessments were performed. The redistributive effect shown
here is from market income to final income, which includes the monetized value of transfers in

kind in the form of public spending on education and health.” The main results can be

43 For the definitions of income concepts and how they ate calculated, see chapter 1 by Higgins and Lustig in the

CEQ handbook.

(ot pp, >

(or pp, =

) (o1 pg, <

[

[

(a gi“¥i+2}n=z bjpgj
1_2?=1 gi+27]:r;2 b] >

n K m K
izlginTi+Zj=2 bjpB]-

1_Z?=1 gi+27§2 b]

K K
i, gi“T{"Z;‘iz bjij

1_Z?=1 .9i+2}n=2 b]

)

)
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summarized as follows. Direct taxes and transfers as well as indirect subsidies are equalizing in
all countries. Indirect taxes are equalizing in four countries: Brazil, Chile, Sti Lanka, and South
Africa. Given that Indirect taxes are regressive in all countries, these four countries displaying a
(Lambert) conundrum in which a regressive tax is equalizing and the fiscal system would be
more unequal in the absence of it. Lambert’s conundrum, thus, is much more common than
one might anticipate. Education and health spending are always equalizing except for health
spending in Jordan. In Jordan, health spending is progressive but unequalizing, demonstrating

another example of the conundrum.

42



Enami, Lustig and Aranda, WP 25, November 2016

Table 13. Marginal Contributions: Results from CEQ Assessments

Lower-middle-income economies Upper-middle-income economies

Georgia Indonesia | Sri Lanka | Brazil | Chile | Jordan Russia South Africa
(2013) (2012) (2010) (2009) | (2013) | (2010) (2010) (2010)
Redistributive
effect (from Gini
market income plus| ~ 0.1244 0.0238 0.0278 0.1221 | 0.0740 | 0.0230 0.0629 0.1758
pensions) to final
income)
Marginal contribution
Direct taxes 0.0221 -- 0.0025 0.0143 | 0.0120 | 0.0071 0.0139 0.0430
Direct transfers 0.1002 0.0037 0.0041 0.0148 | 0.0190 | 0.0052 0.0203 0.0517
Indirect taxes -0.0141 -0.0022 0.0006 0.0113 | 0.0040 | -0.0014 -0.0009 0.0127
Indirect subsidies 0.0004 0.0014 0.0051 0.0005 | 0.0023 | 0.0042 0.0001 --
Education 0.0199 0.0194 0.0105 0.0509 | 0.0321 | 0.0155 0.0207 0.0490
Health 0.0077 0.0031 0.0056 0.0292 | 0.0135 | -0.0087 0.0127 0.0433
Kakwani
Direct taxes 0.1819 -- 0.5458 0.2490 | 0.4520 | 0.5941 0.1042 0.1254
Direct transfers 0.7063 0.6397 0.7572 0.5069 | 0.8243 | 0.5497 0.5927 1.0421
Indirect taxes -0.2298 -0.0420 -0.0063 | -0.0179 | -0.0273 | -0.0664 | -0.0724 -0.0828
Indirect subsidies 0.3716 0.0560 0.3056 0.8373 | 0.4969 (| 0.1512 0.2128 --
Education 0.5414 0.3630 0.3892 0.7087 | 0.6641 | 0.4784 0.4978 0.8169
Health 0.6360 0.2730 0.3963 0.6914 | 0.5930 | 0.0557 0.3740 0.8275
Relative size
Direct taxes 9.8% -- 0.5% 4.2% 2.3% 1.3% 0.0704 15.0%
Direct transfers 19.4% 0.7% 0.6% 5.1% 2.7% 1.3% 0.0467 5.4%
Indirect taxes 12.8% 6.8% 7.4% 12.9% | 10.3% 3.1% 0.0803 14.1%
Indirect subsidies 0.4% 8.2% 2.0% 0.1% 0.5% 3.5% 0.0009 --
Education 4.3% 6.2% 3.2% 10.6% | 5.2% 3.6% 0.0445 6.9%
Health 1.9% 1.6% 1.6% 4.8% 3.2% 3.4% 0.0419 5.5%

Sources: Higgins and Pereira (2014); Martinez-Aguilar et al., (2016); Alam et al. (forthcoming); Afkar et al.,
(forthcoming); Arunatilake et al., (forthcoming); Cancho and Bondarenko, (forthcoming); Inchauste et al.,

(forthcoming); Lopez-Calva, (forthcoming).

2.3. The Derivative of Marginal Contribution with Respect to Progressivity and Size

Section 2.2 showed the conditions that must prevail for the marginal contribution of a tax or a
transfer to be equalizing, neutral, or unequalizing. How will the marginal contribution of a
particular tax or transfer be affected if its progressivity or size is changed? This is a relevant
question in terms of policymaking, especially in the realistic context where leaders want to
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adjust the progressivity or relative size of an existing intervention given a pre-existing fiscal
system--for example, making cash transfers more progressive or increasing the level of

collection of a VAT, or more generally, expanding any pilot program.

This question can be answered by taking the derivative of the particular tax or transfer of
interest with respect to progressivity and size. The reader should bear in mind that while the
derivative yields the marginal effect of changing the progressivity or size of a particular
intervention, the word marginal in this context does not have the same meaning or
interpretation as the word marginal/ when one is talking about marginal contributions in a joint
distribution. The marginal contribution or effect in the latter sense was discussed previously
throughout this paper. This section presents the conditions for the marginal effect in the
“partial derivative sense.”

2.3.1. The Derivatives for the Case of a Marginal Change in Taxes

We will define M as the marginal contribution of tax T, The marginal contribution of a tax (T;

= T, is chosen without loss of generality) in the case of multiple taxes and benefits is defined

as follows:
M Ty = GN\T1 —Gy
or
(492) My, = Gx-z;;Z Ti+Y]21Bj — Gx—z?=1 Ti+3]%1 Bj

= (Gx — Gx_yp 143, B]-) - (Gx —Gx_yn, T,-+2]-";13,-)

= HRS n m - HRS n m
w X-Yi=1Ti+Xj=1 B} X-Yi2Ti+Xj=1 Bj
Assuming no-reranking

11— gi)nlff + Zj"il(l + bj)Pg,-S (1 - gi)HIT? + 2}11(1 + bi)ng
1_Z?=1gi+2jnl1bj 1—Z?=zgi+2,-"ilb,-
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=1 907, + X2 bips,  Xii, 917, + Xt bjp,

1_Z?=1gi+2jn;1bj 1‘2?:291""2}11”]'

or

_ 91[(1—Z?=z gi+¥j%q bj)“ﬁ"‘( o2 91} + 2% bjpgj)]

49b
(49b) (1—2}21 gi+XjZq b]')(l_z?:Z Hi"'zj"ilbi)

What are the derivatives of the marginal contribution of a tax with respect to its progressivity

and size? Manipulating equation 49b, we obtain*

oMy _ g1
oMy, -3 gi+Ey by

(50)

Note that the derivative 50 is always positive given the usual assumption about the total size of
taxes and transfers, thatis 1 — Y12 g; + Z;’;l b; > 0.

oMr, [H¥1(1_Z?=1gi+2i";1bi)]_[(_l)( 'i'zlgil'l¥i+2j";1bip§j)]

2
991 (1-31, gi+3m, b))

A ) A A A

(1_2?=19i+2j111 bi)z

1)

To sign derivative 51, please note that it is equal to"

K RS
M7, +I1 n m
T1 X—Zi=1Ti+Z]-=lBj

1-Yi19i+Xj2 bj

Since the denominator is always positive, the sign depends only on the numerator, which is the

Kakwani index of Tax (HIT(l) and the R-S index of the net system with T (Hf}‘iz?_l TS, B]_),

that is, the following condition assures the derivative is positive.

.. K RS
Condition MT1: My, > _HX—Z?=1 T3 B

44 Here we hold the relative size of T1 and everything else constant.
4 Here we hold the progressivity of T1 and everything else constant.
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The following table shows what the ultimate sign will be. Here the assumption is that there is

no reranking, so the R-S index being positive is equivalent to the fiscal system being equalizing.

Table 14. The Sign of the Derivative of a Tax’s Marginal Contribution with Respect to Its
Relative Size

Unequalizing
RS
HX—Z?:[ Ti+2j";1 B]'
<0
Neutral
RS
My —Xit1 Ti+Xj21 Bj
=0
Equalizing
RS
HX—Z};I Ti+2jn;1 B]'
>0

Regressive

Neutral

Progressive
ng, >0
g, <0 gy, =0 T
Positive (less
. . unequalizing), if
Negative (more | Negative (more and onl r
unequalizing) unequalizing) condition yMTl
holds
Negativ.e. (more Jeto Positi'v'e (more
unequalizing) equalizing)
Positive  (more
equalizing), if . .
.| Positive  (more | Positive  (more
and only if .. .
equalizing) equalizing)

condition MT1
holds

The following expression shows that when the marginal effect of progressivity on the marginal

contribution of a tax is more than its relative size,

(52)

g1

oMr, _ Mg,
ong = ag

=
1-Y19i+ 2%, b;

S My, (1-%t.9:+ Yis1 bj) + ( 1 g:00%, + D=1 bjpg,-)
2
(1 —2k19it 2}"21 bj)
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i=1 911, + X1 bpg,
1-2i19:+ X2 bj

=g, >0f +

K RS
Formula 52 for the simple case of one tax and one transfer is

— — RS RS
My =G .p — Gx-1+p = X r+p — PB;
Assuming no reranking

_ guf+bpf  gs

1-g+b pB}' )

The derivatives with respect to progressivity and size are shown as follows:

aMT_ g
ank 1-g+»b

and

oMy [0 (1 — g + b)]| + [gT1F + bpf] _ MF + N5 7, p
dg (1— g+ b)? ~ 1-g+b

Equation 53a shows the condition under which the derivative of the marginal contribution of a
tax with respect to its progressivity would be greater than the derivative with respect to its size:

oM, oM,
> —_
ank = ag
- 9 [0f (1 — g + b)] + [9T1f + bpj]
1-g+b (1—g+Db)?
(53a) = g>0f + 05,5

2.3.2. The Derivatives for the Case of a Marginal Change in Transfers

The marginal conttibution Mp of a transfer B, (B,= B, is chosen without the loss of generality)

in the case of multiple taxes and benefits can be similarly written in this format as

M81 = GN\31 — Gy
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or
Mg, = Gx_yn | Ti+¥jZ2 Bj — GX—Z?=1Ti+Zj"i1Bj
= (6x — Gy mesp, ;) = (6x = Gxoypymiospy )
— RS
- M sn, et~ s sy, By
Assuming no reranking
_ 11— gi)nR-s + 2]’11(1 + bj)ngs (1 - gi)HRS + Zmz(l + bj)P
1- Zz lgl+2j";1bj 1- Zz lgl+2j=2 J
1 9il1F, + XL bjpE, X1 gdllf, + XjL, bipk,
1- 2l 1gl Zj:l j 1- Zl lgl Zj:z ]
or
(54) _ bl[(1_2?=lgi+2j";2 b]')pgl_(z?=lgin¥i+2j";2 bjpg]):l

(1—2}'=1 gi+¥jzq bi)(1‘2?=1 9it+ZjL, bi)

The derivatives with respect to progressivity and size are expressed in equations 55 and 56

respectively:

6M31 _ by
opf, 1-XE,gi+3TL bj’

(55)

Note that the derivative 306 is always positive given the usual assumption about the total size of

taxes and transfers, that is, 1 — Y}j=; g; + Zgnzl b; >0

oMp, [p§1(1—2?=1gi+2j";1 bl')]_[("'l)(z€l=1 g"HIT(i"'Zi";l bipgj)]

2
9by (1-21 gi+Zm b))

_ [pgl (1_2?=1 9itZj bi)]_(z?ﬂginlfi"'z}'";l b]-pgj)

(1-X s 0T by)

(56)
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To sign the preceding derivative, please note that it is equal to
gn the p g % q

_HRS n m
X_Zi=1Ti+Zj=lB]'

1-Y, gi+2,-";1 b

K
pBl

Because the denominator is always positive, the sign depends only on the numerator, which is

the Kakwani index of transfer (pgl) and R-S index of the net system with B,

(H)I;iZﬁLl Y, B,-)' The following condition assures the derivative is positive.
Condition MB1: p§1 > Hﬁiz

n m
i=1Ti+Xj=1 Bj

Table 15 shows what the ultimate sign will be. Here, we assume that there is no reranking, so
the R-S index being positive is equivalent to the fiscal system being equalizing.

Table 15. The Sign of the Derivative of the Marginal Contribution of a Transfer with Respect

to its Relative Size

Regressive Neutral Progressive
K
0
<0 pf=0 PR
Unequalizing Pos1t1'V('=, (rnor'e
equalizing),  if . iy
.. | Positive  (more | Positive  (more
ks . - and only if . o
X—Zi=1Ti+Z,-=1Bj0 condition MBI equalizing) equalizing)
< holds
Neutral
RS . Negativ'e' (more 7 ero Positi.vte (more
X-Yi  Ti+Y% Bj unequalizing) equalizing)
=0
Equalizing Positve _ (more
Negative (more | Negative (more equalizing), 1
Hfiz’-‘ Ti+Y]%, Bj unequalizing) unequalizing) and ~only if
i ]0 d & d & condition MBI1
> holds
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Expression 57 shows the scenario in which the effect of progressivity on the marginal effect of
a benefit is more than its relative size:

dMp, _ Mg,

(57) apgl dbq
b, [0, (1~ 321 g1 + St by)] = (S il + Zpta by
= 1 - m p > 2
~Y19:+ 7 b (1-Xt,9:+ 30 by)
b > ok i=1 gin¥i + 2% bipgj
17 Py Ty Yi=19i + Xjz1 bj
(58) S bl > p§1 - H§{Z?=1Ti+2j";13i'

In order to have an equivalent condition for the simple case of one tax and one transfer similar
to equation 58, note the following equations introduced earlier:

oMy b
apX 1-g+b

and

aMp _ |pk(—g+b)|-(gnf+bpk) _ pK-n&S; . p

ab (1-g+b)2 1-g+b

Equation 59 shows the condition under which the derivative of marginal contribution with
respect to a transfer’s progressivity would be greater than the derivative with respect to its size:
oMg S Mg
ang ab

39 S b>ph—T5irp
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2.4. The Sensitivity of Marginal Contribution Analysis to the Use of the Conventional
Gini Index

Thus far, we have focused on the conventional Gini coefficient to determine whether a
specific tax or transfer is equalizing. The application of this index implies a normative choice
with regard to how individuals from different parts of an income distribution are weighted
(Gini puts more weights on the middle of the income distribution). One may prefer to weight
more heavily the gains that accrue to lower deciles (or the higher ones) and, therefore, can opt
for the family of S-Gini indexes (or Extended Gini) to calculate the marginal contribution of
the components of a fiscal system.” The final conclusion about a tax (or transfer) having a
positive marginal contribution (that is, an equalizing effect) could change if the concentration
curve of that tax (or transfer) crosses the Lorenz curve of the total system without that tax (or
transfer). In other words, in the case of no dominance, one would expect the results to depend
on the normative choice of how to weight individuals. In the following explanation, we clarify
this issue further.

In section 1, we discussed the application of the concentration and Lorenz curves in
determining whether a tax or transfer is (everywhere) progressive or not. A similar analysis can
be applied to the concept of the marginal contribution. Suppose we define the Lorenz curve of

“the final income without a specific tax (T))” as L(p)x_sn 1 AT B Then the specific tax

that is being analyzed has an equalizing effect (in the marginal contribution sense), regardless
of the normative choice of how to weigh individuals if and only if

X-Y  Ti+¥™ . B;
L) x-yp,rexm 5, 2 C@)y, 77 Vpand,

L)xogp rep, s, > CO)y, for some p
X‘Z?:z Ti+2;r;1 Bj. . . .. .
where C (p)T1 is the concentration curve of T, when individuals are ranked with

respect to their final income without T).
Similarly, for the case of a transfer (B,), we have the following condition:

X-y* Ti+¥™m_B;

L(P)x_zyzlriJ,E}ﬂ:sz < C(p)g, SRR wp and,

n m
Tdij=1 Ti+2j=2 Bj

gy -
L(p)X_Z?=1 Ti+E;-n=2 B]' < C(p)Bl

for somep

If these conditions do not hold for some p, that is, if there is at least one crossing of the two
curves, then the conclusion about whether a specific tax or transfer is equalizing depends on
how one weights individuals in different parts of an income distribution. Therefore, it is

4 See Yitzhaki and Schechtman (2005) for a mathematical review of these indicators.
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important to use graphical representations and the sensitivity analysis (that is, using S-Gini
indexes with different values for the normative parameter of weighting instead of the
conventional Gini) in the context of the inequality (and poverty) analysis. These tools help to
determine how much the results of an analysis using a specific index hinges on the underlying

normative choice of using that specific indicator.
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Appendix: The Shapley Value
Introduction to the Shapley Value

Despite its seeming simplicity, the question “how much does inequality increase (or decrease)
due to a particular source of income?” does not have a straightforward answer. In fact, the
answer will be different depending on 1) what other sources of income are available to the
society, 2) whether any particular meaningful order of allocating different sources of income
exists. and 3) whether any theoretical basis for aggregating income sources exists.

To better understand why information about “the other sources of income” (regarding the first
point) is important, imagine the following simple example. There are two individuals, I and J,
who need to get a taxi. They live on the same street but at different distances from the place
that they need to get in the taxi. If each of them gets a taxi separately, they will need to pay $10
and $15, respectively. But if they share the ride, they have to pay $15 together. How should
they divide the cost? Now, assume a third person joins them, who lives between the two initial
passengers and who would have to pay $12 if he were to get a taxi on his own. If they all three
go together, their fare remains $15 and unchanged from the previous case when only I and |
shared the ride. Going from the first case to the second case, individuals I and J’s share of the
taxi fare should change because a third person has joined them. This example makes it clear
that it is perfectly possible that based on a particular circumstance or depending on how an
inequality index is defined, individual shares of each income source in creating or reducing
inequality can depend on information about all other sources of income. This situation is why
the Shapley value was initially formulated by Lloyd Shapley."’

Now, focusing on the second and third points of our original question, if there is no particular
order for how the income sources are assigned and all income sources are perceived in the
most disaggregated way (no aggregation hierarchy), then the “simple Shapley value” is the way
to calculate the effect of each individual source. This formula is discussed later in this appendix
in the section on the simple Shapley value.

If there is a particular order for how some sources of income will be allocated (for example, if
taxes cannot be first), then the problem can be easily reduced to the case of simple Shapley.
Imagine we have five sources of income and source numbers 1 and 2 are always first and the
other sources (3, 4, and 5) are always last. The inequality will change in two steps. First, when
sources 1 and 2 are added, the amount of change in inequality can be decomposed between
these two sources using the simple Shapley formula. Then, in the second step, inequality will
change due to the remaining sources. This change can be decomposed again between only the
remaining sources using the simple Shapley formula. The total change will be then equal to the
individual shares.

Finally, if there is no particular order but there is an aggregation scheme (for example, taxes,
benefits, and so on), then a two-stage, or hierarchy-Shapley value should be used, which is

47 See Shapley (1952).
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discussed in the next section. The general idea of this two-stage methodology is to determine
the contribution of different groups (such as a group of taxes versus a group of transfers) in
the first step and then to determine the share of each individual fiscal incidence from the total

contribution of its group.

Simple Shapley Value

There are two ways to calculate simple Shapley values that result in different outcomes and
therefore have different theoretical implications. Sastre and Trannoy call these methods “zero
income decomposition” (ZID) and “equalized income decomposition” (EID).* The difference
between the two formulas is the way that they answer a simple but fundamental question:
What should be considered the reference point? In ZID (as the word “zero” implies), we
always calculate changes in inequality by using zero allocation of a particular source of income
as the reference point. In EID, the reference point is a hypothetical state in which a particular
source is divided evenly among all people, so here change in inequality occurs because we
deviate from this (hypothetical) equalized distribution of income. To see this point more
clearly, assume we have three individuals and their income from a specific source is $10, $20,
and $30, respectively. In order to determine the contribution of this source of income to
inequality, ZID compares the Gini after this source of income is added to the scenario when
this source is not added. EID, on the other hand, compares the Gini after this source of

income is added to the scenario when everybody would receive $20 from this source.

Sastre and Trannoy" prefer EID over ZID due to a major theoretical difference. To better
understand the difference, discussing a simple question is enlightening: If there were a source
of income that was distributed evenly among members of a society, what should be the share
of this source in creating inequality? Sastre and Trannoy argue that the answer is zero because
this particular source does not create any inequality. Only EID produces zero value for such a

source and ZID would result in a non-zero value.

The preceding justification for preferring EID over ZID is, however, not as tenable if one
deals with taxes and transfers as other types of income (using a broad definition of income to
include negative sources as a type of income). An evenly distributed tax (that is, a lump-sum
tax) is regressive or pro-rich (poor people pay the same tax as rich people so their tax rate is
much higher given their lower income) and an evenly distributed transfer (that is, a lump-sum
transfer) is progressive or pro-poor (because poor people get the same amount of money as
rich people but relative to their lower income, they are receiving higher benefits). A regressive
tax is considered a cause of increasing inequality and a progressive transfer is considered a
cause of reducing inequality, so accordingly one would expect to see a negative Shapley value
for a lump-sum tax and a positive Shapley value for a lump-sum transfer, which is only
possible through the ZID approach. The EID method would give zero shares to these taxes
and transfers.

4 Sastre and Trannoy (2002, p. 54).
4 Sastre and Trannoy (2002).

58



Enami, Lustig and Aranda, WP 25, November 2016

The other problem with the EID approach is that it cannot be used to decompose changes in
the inequality index if the starting value of the index is not zero and the sum of the total
sources of income is not zero (for example, if taxes are not equal to transfers due to
inefficiency in the fiscal system). This problem is explained in more detail when the EID
formula is introduced.

The following example shows the simple Shapley value calculated using the ZID and EID
approaches for a specific example of three sources of income: a market income (M), an
equalized tax (1), and a (non-equalized) transfer (R). We assume that market income is always
first, so we are only interested in the share of the tax and transfer in changing the Gini index
(as a measure of inequality) between market income and total income.

Table A-1. Comparison of ZID and EID Approaches in Calculating the Shapley Value When
an Equalized (Regressive) Tax Is Involved

Mark Final
Individual . arket Tax (equalized) Transfer : na
income income
1 1 -5 9 5
2 20 -5 7 22
3 30 -5 5 30
4 40 -5 3 38
5 50 -5 1 46
Total 141 —-25 25 141
Average  28.2 -5 5 28.2
Market Final
Income income
Gini = Gini
0.335 0.278
Reduction in Gini
0.057
Share of Tax %hare of
, . ransfer
in reducing 1 reduci
inequality 1 reducing
inequality
Shapley Value (ZID) —-0.057 0.114
Shapley Value (EID) 0.000 0.057

ZID. Zero income decomposition.
EID. Equalized income decomposition.
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As is clear from table A-1, the ZID approach produces a negative share (that is, inequality
increases) for a regressive (pro-rich) tax, which is in line with the literature. It seems reasonable
to use these two different approaches in their appropriate contexts. When the sources of
income do not include any form of income redistribution (taxes or transfers), using EID has
more theoretical justification. On the other hand, if one is only performing an incidence
analysis (that is, if only taxes and transfers are included in the analysis), then ZID is the better
approach. In cases where both income and redistribution sources are involved, using a two-
step approach in ordering different sources can solve the problem. If one can argue that all
sources of earned income come first, after which taxes and transfers are added, then a two-step
decomposition (as explained earlier) can be employed with the EID approach for the first step
(when only earned incomes are considered), followed by the ZID approach for the second
step (when only taxes and transfers are considered).

Because both approaches have merits depending on the circumstances, they are both
introduced mathematically in the following sections.

Simple Shapley Value: ZID Approach

Define a value function I that uses different income sources as input and produces one value
as output. The Gini coefficient is an example of such value function. If there are # sources of
income and  individuals in the society, then 17 can be defined as V: R™*™ — R. The set of
sources of income is N = {[,,[,, ..., [, } where each [, is itself a (m X 1) vector of values for
all individuals in the society. Therefore, V(L,, L,, ,Ln) is, for example, the Gini coefficient
when all sources of income are distributed in the society and V(I;,0,...,Q) is the Gini

coefficient when only source I; (and none of the other sources) is distributed. The Shapley
value is a weighted average of all possible cases in which we can demonstrate the effect of
adding one source to the value function. For example, V([l, Ly, -, Ln) - V(Q, Ly, -, Ln) and
V(Ll, 0,.., Q) —V(0Q,0,...,0Q) are two of many ways to measure the effect of adding [, to the
value function. If all of these different ways result in the same value, there is no need to use a
complicated weighted average. But for many indexes, including the Gini, this is not the case.
While it is easy to list all of the possible ways of calculating the effect of adding a particular
source to the value function, determining the weights requires more attention. Before
introducing the formula for the weights, let’s start with an intuitive example.

Assume we are interested in determining the weight of path V([ L1, 1,0, ,Q) -

V(Q, L1110 .., Q) This path determines how much | changes when we add /; given
that I, I3, 1, and I are already added and sources I through I, will not be added. The Shapley

value is determined based on the permutation of sources, or put another way, order matters. In
other words, we need to ask how many times we can permute sources [, through I5 (which is

41 = 24) and then add I; and permute sources [, = Q through [ = Q (which is (n -

4+ 1))! ). We have to multiply all these numbers to get the total number of permutations,
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that is, (4!) X [(n -4+ 1))!]. Two important points should be noted. First, even though
none of the sources from 6 through # would be added for this path, the number of their
permutations matters. Second, for any path, we always calculate the permutation of previously-
added sources (sources other than the one that we are interested in) together and then multiply
it by the number of permutations of sources that are not added. For example, if we were

calculating the weight of path V(1,,0,0,1,, 1,1, 1.,0,...,0) = V(0,0,0,14,I5, 16,17, 0, ..., 0),

Ly
the number of permutations is exactly equal to the previous case, that is (4!) X [(n—
4+ 1))!]. One should note that 4 is the number of income sources that are added already
and [n — (4 + 1)] is the number of income sources that will not be added. Therefore, what
matters is the number of added sources, not which source is added. The number of
permutations is the weight of each path. The total number of permutations, 7/, is used (as the
denominator) so that the weights add up to one. With this explanation, the ZID formula can
now be formally introduced.

Assume we are interested in finding the Shapley value of income source 7 Define set Sy, as the
set of sub-sets of set N — {[;} (that is, a set that includes all sources of income except for
source [;). Note that the empty set, @, and N — {I;} itself are considered two-subsets of
N — {I;} and therefore included in Sj,. Each element in S; represents a different path through
which the effect of adding I; to I can be measured. These elements (which are themselves a
set) represent income sources that are added before [; is added. Because all of the possible
paths are represented by elements of §j,, a summation over these elements with appropriate

weights would result in the Shapley value. The resulting formula is therefore

n!

(A-1) ShEP = Yiges, <—(S”X((”‘S‘”!) (VEP(S U L) — V2P (S))).SO

First, note that in this formula, § represents an element of set S 1;- Second, s is the
dimensionality of each element of § that enters in the summation and 7 is the dimensionality of
set N. It should be noted that s is the number of income sources that are already added and
n —s — 1is the number of sources that will not be added. Third, VZP(SU [ ;) means the
value function " allocates zero to any income source that is not included in set $ (and it is not
I;). For example, if S = {I,, I3, 14, I5} then

VAP =v(Q, 1, Ly Ly Ls O Q)
Simple Shapley Value: EID Approach

Using the same notation as in the previous section, the Shapley formula using the EID
approach is

50 Sastre and Trannoy (2002).
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n!

(A-2) ShF™® = Sses, (M (VEP(S U T — VEP (5)))51

The only difference here is that VEIP(S) means the value function 17 allocates the average
income to all individuals in the society for any income source that is not included in §. For

example, if S = {I,, I3, I, Is}, then the corresponding value function is

VEID =V ((,ull X 1,_,) ’1,21[3!!,4) l,sl (nu16 X ].:.)' ey (iuln X 1,.,))

where 1isa (m X 1) vector of ones and HUy,;is the average value of income source 7

Note how the EID formula would run into problems if one tried to use it to explain a change
in a value function (for example, the Gini coefficient) between a reference point that is not
zero and an end point that has a different per-capita income in comparison to the reference
point (that is, the sum of taxes and transfers is not zero). Assume the same example that is
shown in table A-1. When total taxes and transfers are the same, the per-capita values are also
equal and they cancel each other out, so the reference point remains the market income, that
is,

% (Market income, (Upgye X 1), (/,tTmnSfer X 1)) = V(Market income, 0,0)

When frq, = —HUTransfer

If the sum of taxes and transfers is not zero, the reference point is no longer market income
and has a different value for the Gini coefficient, which results in the decomposition differing
from the value we want to explain. Table A-2 shows this problem in a simple example. The
sum of the EID Shapley values does not add up to the change in the Gini coefficient that we
would like to explain.

Table A-2. Example of EID Failing to Decompose the Change in Gini

Individual ll\fliilzte Tax Transfer iFnl:(?ine

1 1 -1 6 6

2 20 -2 4 22

3 30 -3 3 30

4 40 —4 2 38

5 50 =5 1 46
Total 141 -15 16 142
Average  28.2 -3 3.2 28.4

51 Sastre and Trannoy (2002).
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Market . Final
Income | income
Gini Gini
0.335 0.270
Reduction in
Gini
0.065
h f f th
Share of Tax Share o Sum of the
: . Transfer shares of
in reducing . )
. . in reducing tax and
inequality . .
inequality transfer
Shapley Value (ZID) —0.004 0.069 0.065
Shapley Value (EID) 0.028 0.034 0.062

Gini value of the market income is not zero; the sum of taxes and transfers is not zero.
ZID. Zero income decomposition.

EID. Equalized income decomposition.

Hierarchy-Shapley Value

According to Sastre and Trannoy, “Shapley value does not satisfy the principle of
independence of the aggregation level” ** The following example demonstrates this
shortcoming. Assume in our previous example in table Al, the equalized tax is in fact the
combination of two independent taxes and we recalculate the simple (ZID) Shapley values for
two taxes and one transfer. As is clear from table A-3, the Shapley values for these taxes would
not add up to the Shapley value of the equalized tax in table Al. Moreover, the Shapley value

of the transfer is different.

52 Sastre and Trannoy (2002, p. 54).
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Table A-3. New Shapley Values (ZID) When Taxes Are Divided into Two Groups

Mark
Individual arket Tax1 Tax2 Transfer Final income
income
1 1 0 -5 9 5
2 20 -1 —4 7 22
3 30 -2 -3 5 30
4 40 -3 -2 3 38
5 50 —4 -1 1 46
Total 141 -10 -15 25 141
Average 28.2 -2 -3 5 28.2
Market L
. Final income
income Gini
Gini >
0.335 0.278
Reduction in
Gini
0.057
f
Share of Tax1 Share of Tax2 Share o
Transfer

Shapley Value (ZID)

in reducing
inequality

in reducing
inequality

in reducing
inequality

0.006

—0.063

0.114

ZID. Zero income decomposition. Given that no new tax has been added and that the only change is that some

additional information about the sources of taxes has been included in the analysis, it is inconvenient that the

Shapley value for transfers has also changed. Different solutions have been suggested to solve this problem.
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Sastre and Trannoy in particular introduce two methods, “Nested Shapley” and “Owen Decomposition.”>* Both
of these solutions use a type of hierarchy, which is why they are called hierarchy-Shapley values here. In the
following sections, unless otherwise specified, no distinction between ZID and EID approaches is made and the

formulas can be used for both cases.

Hierarchy-Shapley Value: Nested Shapley

Using notations from the previous section, now assume each source of income [; is the
summation of a sub-set of sources, that is, I; = I;; + I;5 + -+ + [;;. It is assumed that this
hierarchy has a particular theoretical basis. Define set Nj, = {I;1,1;5, ..., I;; } as the set of all
incomes that comprise income source [;. We are particularly interested in one of these sub-

sources, the nested Shapley value of [;;. Define set NSIi].as the set of sub-sets of set Ny, — {Il-j}

(analogous to set Sy, defined in previous sections). According to Sastre and Trannoy, nested
Shapley can be viewed as a two-step procedure. In the first step, we assume that the second
layer does not exist and we calculate the simple Shapley value for all sources ;. In the second
step, we decompose the Shapley value of each source I; between its sub-sources. The nested

Shapley value of source [;; (which is an element of ;) is then equal to

(A-3) NShy, = Tsens,, (M (v(suty) - V(S))> + 2 (Shy + V() -

k!
V(O)).

Elements of this formula are either introduced above or in the previous sections. The only
remaining item is & which is the dimensionality of set Nj,. Equation A2-3 is different from
Sastre and Trannoy™ because we do not assume that the value of V(0) is zero, which is crucial
when the inequality in the starting point is not zero (for example, the Gini value of the market
income is not zero in our previous examples). The first term is exactly the same formula
introduced for simple Shapley that is only applied to the set of sources that are part of Ny, to
explain the change in the value function between V(0) and V(I;). The second term is the
difference between the Shapley value of the aggregated source I; and the value of function I

when only aggregated source [; is added. It is clear to see that
(A-4) §=1NShy,; = Shy,.

The proof is as follows:

53 Sastre and Trannoy (2002, p. 54).
54 Sastre and Trannoy (2002).
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k

k
Z NSh,, = Z Z (s x ((kk!— s— 1) (V(S ul,) - V(S))
j=1

j=1 SENSIl-j

k
+ Z % (Shy, + VD) - V()
=1

k!

(sDx((k—s—1)!
> ¥, NShy, = X%, {Zsews,ij <M (v(sury) - V(S)))} + Shy, + V(1) -
V(0).
Note that in the second term, the summation over 4 and (1/ £) cancel each other. Now note

that the term inside the braces is equal to S h,i]. if one decomposes the change in 7 between

1(0) and 1(l;). The summation over the Shapley value of all j income concepts that are part of
I; is simply equal to the total change in the value function between [(0) and I(I;). This means
the preceding equation could be written as follows:

k
5 Z NShy, = V(L) = V(0) + Shy, + V(1) — V(0)
=1

and therefore,
— Xfo1 NShy, = Shy,.

Note that the value of 7 has to be at least 1 (that is, one income inside each income group) and
if all income groups have j = 1, then the nested Shapley is reduced to the simple Shapley.

This nested Shapley formula, however, suffers from a few theoretical problems. First, the
choice of decomposing V(I;) — V(0) between sub-elements of I; (the first term in equation
A-3) is arbitrary. One can choose any element of set Sy, Let’s call it Oj and then decompose
V(Ii U Oj) - V(Oj) between elements of [; and the decomposition also satisfies equation A-4.

Equation A-3 can then be generalized as

(A-5) NShy, = Tsens,, (“)X((’;—,‘S‘”) (v(ojusuly)-v(o;u S)))

+%(Sh,i - V(Oj U Il-) + V(Oj)) For any arbitrary chosen O; € ..

The value of NS h,i]. would change with the choice of 0;. The second theoretical problem with
equation A-3 is that Shy, + V(I;) — V(0) is divided evenly between all & sub-elements of I;.

There is no particular reason to do so and any weighting scheme works as long as the weights
add up to unity. In fact, one might argue that assigning similar weights is not in line with the
idea of decomposition, which tries to allocate an appropriate share to each element depending
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on how important the element is. Using a weighting scheme that gives more weight to more
important elements results in equation A-6:

(A-6) NShy,, = Ssens,, (“)X((’,‘(—‘S‘”) (v(ousuiy)-v(ou 5)))

ZSENS‘IU (M;C—TS_DI)(V(OJ-USUIU)—V(O]-US)»

v(1,005)-v(0;)

+ (Shy, +V(0;u L) -

V(Oj)) For any arbitrary chosen O; € S.

The weighting scheme in equation A-6 uses the relative importance of element [;; in explaining
the gap between V(Oj U Ii) and V(Oj), that is V(Oj U Ii) - V(Oj). While this modified
weighting scheme has a much better theoretical ground, the fact that NS h,i]. depends on the

choice of 0 is still problematic. The following example helps to better visualize this problem.
We use the same example as in table A-3 but the results should be compared to table A-1.
Regardless of how we decompose the Shapley value of the total tax between its elements, the
Shapley value of the transfer remains unchanged and equal to the value in table A-1 (the ZID
Shapley value). However, depending on which formula is used for the decomposition for
taxes, the Shapley values of Tax 1 and Tax 2 change, though they always add up to the Shapley
value of total tax. Among the four different methods, A-6’ is preferred to A-3’ and A-6” is
preferred to A-5" because of their modified weighting scheme, but there is no theoretical basis
for any preference between A-6’ and A-6”. Note that in table A-4, values for A-5" and A-6’
happen to be the same by pure luck and that this is not a general rule.

In the following formulas, Nrg, = {Tax1,Tax2} and NSrqyj is the set of all sub-sets of

Nrax — {Taxj}. Moreover, M represents the market income and V(.) represents the Gini
coefficient function. The following formulas are derived from the original formulas discussed
in the specific example in table A-4.

R V(MUSUTaxj)-V(MUS) 1
(A-3) NShTaxj = - [ZSENSTM]- (( > )) + > (ShTax +

V(M U Tax) - V(M))|

v(0;uSuTaxj)-v(0;Us)
(A-5) NShroxj = — [ZSENSTaxj <( : > : )> +%(Shrax +

V(Oj U Tax) - V(Oj))l Where 0; = {Market Income + Transfer}
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, _ (v(MusuTaxj)-v(MuSs))
(A-6) NShrazj = Bisenspan : )

(V(MuSUTaxj)-V(MuS))
LSENSTax j( 2

V(MUTax)-V (M)

) (Shrax + V(M U Tax) — V(M))

V(0j U Tax)—V(0))

(A-6)” NShraxj = Xsensrax ((V(OjUSUTazj)—V(Ojus))>
/ (V(oj US U Taxj)—V(0;u s)) \
| ZSENSTaxj > |
+ I (Shm +V(0; U Tax) — V(oj)) |
| I

Where 0; = {Market Income + Transfer}

Table A-4. Nested Shapley Values (ZID) Using Different Methods of Weighting and
Reference Points

Individual Market Tax1 Tax2 Transfer Final income
ncome
1 1 0 -5 9 5
2 20 -1 —4 7 22
3 30 =2 -3 5 30
4 40 -3 ) 3 38
5 50 —4 -1 1 46
Total 141 -10 -15 25 141
Average  28.2 -2 -3 5 28.2
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Market
Income

Gini

0.335

Nested Shapley Value:

equation A-3' (ZID)

Nested Shapley Value:

equation A-5' (ZID)

Nested Shapley Value:

equation A-6' (ZID)

Nested Shapley Value:

equation A-6" (ZID)

Final income
Gini

0.278

Reduction in Gini

0.057

Share of Tax1
in reducing

Share of

h f Tax2
Share of Tax Transfer

in reducing in reducing

inequality inequality inequality
0.010 —0.067 0.114
0.002 —0.059 0.114
0.002 —0.059 0.114
0.013 —0.070 0.114

ZID. Zetro income decomposition.

Hierarchy-Shapley Value: Owen Decomposition

In order to avoid the problem of the reference point in the nested Shapley value, one can use

the Owen value.” Intuitively, the Owen value can be viewed as a Shapley value of different

5 Owen (1977).
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nested Shapley values, that is, all possible reference points are included. Therefore, the Owen
value is not subject to the theoretical shortcomings of the nested Shapley and accordingly, it
has some advantages. Sastre and Trannoy disagree with this argument because they believe that
reference points other than V(0) imply that income elements are combined at a different

aggregation level.”

This argument loses its ground, however, as soon as we try to use the
nested Shapley value to explain, for example, changes in the Gini index between market and
final income. Because market income is on the same aggregation level as total tax but not Tax
1, using the nested Shapley implies the combination of two elements from two different
aggregation levels. In other words, unless the reference point is “null,” the combination of
different aggregation levels is inevitable and therefore the Owen method is a theoretically

better way of calculating the Shapley value since it incorporates all possible reference points.”

To better understand the Owen value, consider equation A-1 and particularly VZb(Ssul) —
VZIP(S) in that formula. This argument is calculated for each element of the summation.
Owen decomposes this argument (for every element of the summation) to determine the share
of each sub-element. The formula for the Owen decomposition is therefore

Iij nl k!

(A-7) OShZID — ZSES}i <M ZS'ENSIU {(S’!)X((k—s’_l)!) (VZID (S us'u

I)-V#P(Su 5'))}) :

All elements of this formula have been introduced previously. Note that the second
summation (the inside summation) determines the share of [;; in filling the gap VZP(su

;) — VZP(S). Because the coefficient outside the second summation can move inside, the
formula can be simplified to a formula similar to what Sastre and Trannoy suggest:

(s")sDH((k=s"-1)1)((n-s-1)1) ,
(A-7y OShIZij.D = Zsesli <Zsre1vs,ij { ( P ) (VZID SuS'u

1) = VZP(su 5'))})

Note that one can easily use VEP

in the preceding formula. Using the same example as in
table A-3, the Owen values for the case of two taxes and one transfer are calculated in table A-

5 and can be compared with the values in tables A-1 and A-4.

%6 Sastre and Trannoy (2002).
57 Sastre and Trannoy (2002) use a formula similar to equation 2-43, which suffers from a second theoretical
problem (assigning equal weights to all sub-elements of one source) that is discussed in previous sections.
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Table A-5. Owen Values (ZID)

Individual Market Tax1 Tax2 Transfer Final income
Income
1 1 0 -5 9 5
2 20 -1 —4 7 22
3 30 -2 -3 5 30
4 40 -3 -2 3 38
5 50 —4 -1 1 46
Total 141 -10 -15 25 141
Average  28.2 -2 -3 5 28.2
Market ) .
Final income
Income Gini
Gini —
0.335 0.278
Reduction in
Gini
0.057
Share of Tax1 Share of Tax2 Share of
Transfer

Owen Value (ZID)

in reducing
inequality

in reducing
inequality

in reducing
inequality

0.006

—0.063

0.114

ZID. Zero income decomposition.

It should be noted that the Owen value of the transfer is the same as in table A-1, as expected.

Comparing Owen values from table A-5 to those in table A-4, the Owen value of each tax

component is between its nested Shapley value for equation A-6’ and A-6”. This outcome is

expected because the Owen value incorporates all possible reference points and is intuitively a
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type of (weighted) average value. As a result, the Owen value is a more conservative estimate
than the nested Shapley values for the share of each component.

Concluding Remarks

Of the different methods for estimating the Shapley value for income sources, there are better
theoretical justifications for using the ZID approach than EID and for using the Owen value
instead of the nested Shapley for performing an incidence analysis (which is mainly focused on
different sources of taxes and transfers). This conclusion stands in contrast to the suggestions
by Sastre and Trannoy and Duclos and Araar.” ZID is preferred over EID for two main
reasons. First, ZID allocates a negative (or positive) value to a lump-sum tax (or transfer) that
is by definition regressive (or progressive) and therefore increases (or decreases) inequality.
EID will assign a zero value to such a tax (or transfer). Second, ZID decomposition is always
exact; in contrast, EID will not be exact if we decompose a change in inequality between states
A and B where inequality in the beginning point (that is, A) is not zero and average income in
states A and B are different (that is, taxes and transfers do not add up to zero).

The Owen value is preferred over the nested Shapley value for two reasons. First, the simple
nested Shapley formula (that is, equation A-3), which is used more often in the literature,
assigns identical weights to different sub-items of a particular source of income. Second, even
the modified version of nested Shapley (that is, equation A-6), which does not have the
weighting problem, still suffers from the reference point dependency problem. This problem
results in different Shapley values for sub-items depending on which reference point is chosen.
The Owen value, on the other hand, solves this problem by using all reference points (and
weighting them equally). The only critique made by Sastre and Trannoy for this technique
(mixing items from different aggregation levels) is not unique to the Owen value.” Moreover,
nested Shapley is also subject to this critique if it is used to explain a change in inequality
between points A and B when point A is not the null case® such as, for instance, changes in
the Gini coefficient between market income and total income.

Given these theoretical arguments, the Owen value with the ZID approach is the best option
when the fiscal system under study mainly includes taxes and transfers, which is true for most
cases. This method assures that the decomposition is exact and every single source of income
receives its appropriate share based on how much it contributes to the reduction (or
escalation) of inequality. Moreover, using the Owen value, there is no problem regarding the
choice of the reference point.

38 See Sastre and Trannoy (2002) and Duclos and Araar (2007).
% See Sastre and Trannoy (2002).
% The null case is where no source of income is distributed in the society.
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